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Hqgrjhqrxv Wudqvdfwlrqv Frvwv lq Pxowl0Vhoohu
Prgho

Iodylr P1 Phqh}hv
HSJH2IJY dqg

Vfkrro ri Hfrqrplfv
Dxvwudoldq Qdwlrqdo Xqlyhuvlw|
Fdqehuud/ DFW/ 3533/ Dxvwudold
Hpdlo=  dylr1phqh}hvCdqx1hgx1dx

Urkdq Slwfkirug
QFGV/ Dvld Sdfl�f Vfkrro ri Hfrqrplfv dqg Pdqdjhphqw

Dxvwudoldq Qdwlrqdo Xqlyhuvlw|
Fdqehuud/ DFW/ 3533/ Dxvwudold

Hpdlo= urkdq1slwfkirugCdqx1hgx1dx

Mxo| 5334

Devwudfw

Zh h{dplqh wkh sureohp ri d ex|hu zkr zlvkhv wr sxufkdvh dqg frpelqh

q remhfwv rzqhg e| q lqglylgxdo rzqhuv wr uhdol}h d kljkhu ydoxh1 Wkh rzqhuv

duh deoh wr ghod| wkhlu hqwu| lqwr wkh vdoh surfhvv= Wkh| fdq hlwkhu vhoo qrz

ru vhoo odwhu1 Dprqj rwkhu dvvxpswlrqv/ wkh vlpsoh dvvxpswlrqv ri frpshwl0

wlrq �wkdw wkh suhvhqfh ri pruh rzqhuv dw srlqw ri vdoh uhgxfhv wkhlu vxusoxv�

dqg glvfrxqwlqj ohdg wr lqwhuhvwlqj uhvxowv= Wkhuh lv frvwo| ghod| lq htxlole0

ulxp1 Pruhryhu/ zlwk vx!flhqwo| vwurqj frpshwlwlrq/ wkh suredelolw| ri ghod|

lqfuhdvhv zlwk q1 Wkxv/ ex|huv zkr glvfrxqw wkh ixwxuh zloo idfh lqfuhdvhg

frvwv dv wkh qxpehu ri rzqhuv lqfuhdvhv1 Wkh vrxufh ri wudqvdfwlrqv frvwv lv wkh

rzqhuv* ghvluh wr glv0frruglqdwh lq wkh suhvhqfh ri frpshwlwlrq1 Wkhvh frvwv duh

xquhodwhg wr wudqvdfwlrqv frvwv fxuuhqwo| lghqwl�hg lq wkh olwhudwxuh/ vshfl�fdoo|

wkrvh gxh wr dv|pphwulf lqirupdwlrq/ ru sxeolf jrrgv sureohpv zkhuh sod|huv

lpsrvh qhjdwlyh h{whuqdolwlhv rq hdfk rwkhu e| xqghu0frqwulexwlqj1
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4 Lqwurgxfwlrq

Frqvlghu d vlwxdwlrq zkhuh d ex|hu zlvkhv wr frpelqh pdq| remhfwv wkdw duh vhs0

dudwho| rzqhg e| gl�huhqw vhoohuv1 Wkhvh remhfwv frxog eh sdwhqwv/ odqg/ surshuw|

uljkwv ryhu srooxwlrq/ oderu frqwudfwv/ ru dq| remhfwv wkdw fdq eh frpelqhg wr |lhog

juhdwhu ydoxh wr d ex|hu wkdq wkh vxp ri ydoxhv ri wkh lqglylgxdo vhoohuv1 Vxfk vxusoxv

ydoxh suhvhqwv d srwhqwldo sureohp iurp wkh ex|hu*v shuvshfwlyh= Rzqhuv pd| shu0

fhlyh d vwudwhjlf dgydqwdjh iurp ghod|lqj hqwu| lqwr wkh vdoh surfhvv1 Iru h{dpsoh/ li

rzqhuv zdlw xqwlo wkhlu remhfw lv rqh ri wkh ihz uhpdlqlqj wr eh vrog/ wkhq wkh| pljkw

shufhlyh dq rssruwxqlw| wr h{wudfw d juhdwhu vkduh ri wkh ex|hu*v vxusoxv1 Zh fdoo

wklv vlwxdwlrq wkh krogrxw sureohp/ dqg wkh sxusrvh ri rxu sdshu lv wr dqdo|}h wklv

sureohp1

Zh vkrz wkdw wkh uhodwlyho| plog dvvxpswlrq ri frpshwlwlrq �wkdw wkh sd|r� wr d

sod|hu iurp vdoh lv ghfuhdvlqj lq wkh qxpehu ri ihoorz sod|huv zkr duh suhvhqw� +dorqj

zlwk d zhdn dgglwlrqdo dvvxpswlrq, lv vx!flhqw wr ohdg wr d srvlwlyh suredelolw| ri

htxloleulxp ghod| +vhh Sursrvlwlrq 6,1 Pruhryhu/ zh ghprqvwudwh wkdw li frpshwlwlrq

dw srlqw ri vdoh ehfrphv vhyhuh zlwk vx!flhqwo| odujh qxpehuv ri sod|huv/ wkhq dq

lqfuhdvh lq wkh qxpehu ri sod|huv ohdgv wr dq lqfuhdvh lq wkh suredelolw| wkdw sduwlhv

zloo ghod| vdoh +vhh Wkhruhp ;,1 Rxu wkhru| wkhuhiruh ghulyhv d qhz vrxufh ri wudqv0

dfwlrqv frvwv dv dq hqgrjhqrxv skhqrphqd= Zlwk glvfrxqwlqj/ wkh ex|hu idfhv frvwo|

dqg lqfuhdvlqj ghod| dv wkh qxpehu ri vhoohuv lqfuhdvhv1

Frpshwlwlrq dw srlqw ri vdoh lv fdswxuhg lq d vlpsoh zd| lq rxu prgho1 Frqvlghu

Iljxuh 4/ zklfk uhsuhvhqwv zkdw pljkw eh fdoohg d cglv0frruglqdwlrq* jdph14 Sod|huv

4 dqg 5 lqghshqghqwo| pdnh d elqdu| fkrlfh> hlwkhu � � wr vhoo qrz/ ru f � wr vhoo

odwhu1 Li erwk sod|huv hqg xs vhoolqj qrz/ wkh| uhfhlyh e hdfk/ wkxv xqghuplqlqj

wkhlu sd|r� uhodwlyh wr wkh vlwxdwlrq zkhuh wkh| pdnh vhsdudwh ghdov zlwk wkh ex|hu1

4Elqpruh +4<<5, uhihuv wr d vlplodu nlqg ri jdph dv wkh �Dxvwudoldq Edwwoh ri wkh Vh{hv�1 Lq wklv
jdph wkh frrshudwlyh dqg qrqfrrshudwlyh sd|r� uhjlrqv duh �xsvlgh0grzq � yhuvlrqv ri wkrvh iru
wkh ruljlqdo Edwwoh ri wkh Vh{hv jdph1
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Iljxuh 4= Frpshwlwlrq dw Srlqw ri Vdoh

Ehlqj dzd| iurp wkh rwkhu sod|hu lv ehqh�fldo/ ehfdxvh lw uhgxfhv wkh qxpehu ri

rwkhuv zkr vwulnh d ghdo zlwk wkh ex|hu dw dq| rqh wlph1 Wkhuh duh wzr sxuh vwudwhj|

Qdvk htxloleuld/ +3/4, dqg +4/3,/ dqg d pl{hg vwudwhj| Qdvk htxloleulxp RW ' �
2
1 Sxuh

vwudwhj| htxloleuld kdyh wkh vhoohu*v mrlqw sd|r� lqfuhdvh iurp H wr �� e| dyrlglqj +4/4,

lq wkh h{dpsoh/ dqg wkh ex|hu*v sd|r� lv uhgxfhg dffruglqjo|1 Rxu pdlq frqwulexwlrq

lv wr vkrz wkdw zlwk glvfrxqwlqj dqg frpshwlwlrq/ dq lqfuhdvh lq wkh qxpehu ri sod|huv

lq vxfk d jdph fdq ohdg wr dq lqfuhdvh lq wkh htxloleulxp suredelolw| ri ghod|/ dqg

khqfh dq lqfuhdvhg frvw wr wkh ex|hu1

Rxu prgho pljkw dsshdu dw �uvw wr eh dqdorjrxv wr wkh olwhudwxuh rq wkh sxeolf

jrrgv frqwulexwlrq sureohp +Ehujvwurp/ Eoxph dqg Yduldq +4<;9,,/ wkh sureohp ri

wkh frpprqv +Fruqhv dqg Vdqgohu +4<;5,,/ ru lqghhg wkh frusrudwh wdnhryhu sureohp

+Jurvvpdq dqg Kduw +4<;3,,1 Zkloh wkh lqh!flhqf| uhvxow iru odujh ? kdv d vlplodu

 dyru/ rxu dqdo|vlv lv txlwh gl�huhqw wr wkrvh sureohpv1 Iljxuh 5 looxvwudwhv d vlpsoh

csxeolf jrrgv frqwulexwlrq*/ ru csureohp ri wkh frpprqv* jdph1 Fkrlfh � uhsuhvhqwv d

kljk frqwulexwlrq/ dqg fkrlfh f d orzhu frqwulexwlrq1 Wkh grplqdqw vwudwhj| htxlole0

ulxp +3/3, lv mrlqwo| lqh!flhqw dv sod|huv gr qrw dffrxqw iru wkh qhjdwlyh h{whuqdolw|

wkh| lpsrvh rq hdfk0rwkhu wkurxjk wkhlu fkrlfh ri f1 Lq frqwudvw/ wkh htxloleuld lq

wkh lqwhu0whpsrudo frruglqdwlrq jdph ri Iljxuh 4 |lhog vhoohuv wkh kljkhvw srvvleoh

mrlqw sd|r�1 Lqvwhdg/ lw lv wkh ex|hu zkr vx�huv d uhgxfwlrq lq xwlolw|/ ehfdxvh wkh

ex|hu pxvw sd| pruh lq djjuhjdwh dqg vx�huv ghod|1 Lqghhg/ zh ghulyh d prgho lq
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Iljxuh 5= Sxeolf Jrrgv Frqwulexwlrq Jdph

zklfk ghod| lqfuhdvhv zlwk wkh qxpehu ri vhoohuv �wr wkh ghwulphqw ri wkh ex|hu zkr

kdv d suhihuhqfh iru frqvxpswlrq wrgd|1 Wkh h!flhqw frruglqdwlrq ehwzhhq vhoohuv

lv lq vwdun frqwudvw wr wkh lqh!flhqflhv jhqhudwhg ehwzhhq sod|huv zkr grqdwh ixqgv

wrzdugv sxeolf jrrgv/ ru ehwzhhq iduphuv zkr vkduh d frpprq1

Wkh sdshu e| Vhjdo +4<<<, surylghv dq h{fhoohqw ehqfkpdun djdlqvw zklfk wr

glvwlqjxlvk rxu frqwulexwlrq iurp wkh olwhudwxuh rq iuhh ulglqj lq wkh sxeolf jrrgv

sureohp1 Dprqj rwkhu wklqjv/ Vhjdo h{dplqhv d yhu| jhqhudo vhwwlqj wkdw qhvwv

d odujh vhw ri sdshuv lq wklv duhd1 Kh h{dplqhv d vlwxdwlrq lq zklfk d sulqflsdo

pdnhv elodwhudo frqwudfwv zlwk � djhqwv1 Wkh djhqw*v sd|r�v duh d�hfwhg e| rwkhu

djhqwv wudgh zlwk wkh sulqflsdo � uhjdugohvv ri zkhwkhu ru qrw wkh| frqwudfw zlwk wkh

sulqflsdo1 Iru h{dpsoh/ wkh djhqwv pljkw rzq odqg wkdw lv wr eh vrog wr d sulqflsdo zkr

zlvkhv wr exlog d vkrsslqj fhqwuh1 Li dq djhqw grhv qrw frqwudfw zlwk wkh sulqflsdo/

wkhq khu xwlolw| pljkw eh lqfuhdvhg ru ghfuhdvhg gxh wr khu sur{lplw| wr wkh vkrsslqj

fhqwuh/ ghshqglqj rq khu wdvwhv1 Lq Vhjdo*v iudphzrun/ wkh ex|hu lq rxu prgho lv wkh

sulqflsdo/ dqg wkh djhqwv duh wkh vhoohuv1 Krzhyhu/ zh h{dplqh d vlwxdwlrq lq zklfk

wkh sulqflsdo lv qrw deoh wr pdnh dq lqlwldo frqwudfw r�hu wr wkh vhoohuv1 Wkdw lv/ wkh

vhoohuv duh deoh wr dyrlg ghdolqj zlwk wkh ex|hu lq rughu wr jdlq d vwudwhjlf dgydqwdjh

lq odwhu frqwudfwlqj1 Rxu frqwudfwlqj hqylurqphqw lv kduvkhu wkdq Vhjdo*v1 Rxu ex|hu

fdqqrw zulwh frqwlqjhqw frqwudfwv/ qru fdq rxu ex|hu pdnh lqlwldo frqwudfw r�huv1

Doo wkh ex|hu fdq gr lv rshudwh rq d vsrw pdunhw vkrxog wkh vhoohuv ghflgh wr hqwhu
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wkh vdohv surfhvv1 Wkxv/ wkh irfxv ri rxu sdshu lv suh0frqwudfwxdo vwudwhjlf ehkdylru/

udwkhu wkdq ehkdylru zlwklq d frqwudfwlqj iudphzrun1

Lq wkhlu vhplqdo sdshu/ Pdlodwk dqg Srvwohzdlwh +4<<3, frqvlghu d sxeolf jrrgv

frqwulexwlrq jdph zlwk sulydwh ydoxhv dqg vkrz wkdw dv wkh qxpehu ri sod|huv lq0

fuhdvhv lw ehfrphv dv|pswrwlfdoo| lpsrvvleoh wr lpsohphqw wkh �uvw ehvw15 Wkh lqhi0

�flhqf| lv ghulyhg iurp wkh sulydwh lqirupdwlrq qdwxuh ri wkh sureohp1 Lq rxu prgho/

krzhyhu/ ghfuhdvhg h!flhqf| gxh wr ghod| dulvhv iurp wkh juhdwhu gl!fxow| wkdw vhoohuv

idfh lq �glv0frruglqdwlqj � wkhlu dfwlrqv zkhq wkh qxpehu ri vhoohuv lqfuhdvhv1

Dowkrxjk wkh krogrxw sureohp wkdw zh dqdo|}h lv uhodwhg wr wkh olwhudwxuh rq frru0

glqdwlrq jdphv/ wkh txhvwlrqv zh h{dplqh duh gl�huhqw1 Wkh frruglqdwlrq olwhudwxuh6

h{dplqhv jdphv wkdw h{klelw pxowlsoh Qdvk htxloleuld zklfk duh Sduhwr0udqndeoh +vhh

iru h{dpsoh/ Vfkhoolqj +4<93,/ Kduvdq|l dqg Vhowhq +4<;;,/ Ndw} dqg Vkdslur +4<;8,/

Nrkoehuj dqg Phuwhqv +4<;9,,1 Wkh jrdo ri wklv olwhudwxuh kdv ehhq wr h{dplqh krz

sod|huv zloo vhohfw dprqj wkh htxloleuld1 Lq rxu prgho/ vlpsoh frpshwlwlrq dw wkh

edujdlqlqj wdeoh lv vx!flhqw iru wkh h{lvwhqfh ri d xqltxh v|pphwulf pl{hg0vwudwhj|

htxloleulxp lq wkh ?�sod|hu +glv,frruglqdwlrq jdph +vhh Sursrvlwlrq 7,1 Wklv uhvxow

lv yhu| xvhixo/ vlqfh lw dyrlgv wkh pxowlsolflw| sureohp ri wkh frruglqdwlrq olwhudwxuh/

dqg doorzv xv wr irfxv lqvwhdg rq frpsdudwlyh vwdwlfv dv d srlqw ri ghsduwxuh iurp

wklv olwhudwxuh1

5Wkh uhdvrq lv dv iroorzv1 Iru surylvlrq/ lw lv qhfhvvdu| wkdw vrph djhqwv frqwulexwh pruh wkdq
wkhlu shu0fdslwd frvw ri surylvlrq1 Dq djhqw/ krzhyhu/ zloo qrw frqwulexwh wuxwkixoo| dffruglqj wr
khu ydoxdwlrq xqohvv wklv djhqw lv slyrwdo1 Lq d odujh hfrqrp|/ wkh suredelolw| ri dq lqglylgxdo djhqw
ehlqj slyrwdo lv yhu| vpdoo dqg wkhuhiruh/ doo djhqwv qhw xwlolwlhv pxvw eh qhduo| frqvwdqw/ zklfk
lpsolhv wkh suredelolw| ri surylvlrq jrhv wr }hur1

6Wkh whup zdv frlqhg e| Wkrpdv Vfkhoolqj +4<93/ fk17, wr uhihu wr jdphv zlwk pxowlsoh Qdvk
htxloleuld |lhoglqj lghqwlfdo sd|r�v1 D vwdqgdug h{dpsoh lqfxghv wzr dxwrprelohv dssurdfklqj rq
d urdg1 Hdfk gulyhu pxvw vhohfw d vlgh rq zklfk wr gulyh1 Htxloleulxp rewdlqv zkhq wkh| vhohfw
rssrvlwh vlghv1 Wkhuh duh wzr vxfk htxloleuld zlwk lghqwlfdo sd|r�v1
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5 Prgho

Wkhuh duh ? n � sod|huv1 Sod|hu f/ wkh ex|hu/ lv lqwhuhvwhg lq sxufkdvlqj ? remhfwv/

dqg uhdol}lqj ydoxh iurp wkh hqwluh vhw1 Wkh remhfwv frxog eh/ iru h{dpsoh/ eorfnv ri

odqg/ sdwhqwv/ rwkhu �upv/ oderu frqwudfwv ru surshuw| uljkwv ryhu srooxwlrq �dprqj

rwkhu wklqjv1 Wkh remhfwv duh rzqhg e| ? sod|huv +ru rzqhuv, � ' �c 2c ���c ?1 Lghdoo|/

wkh ex|hu zrxog olnh wr hqjdjh hdfk ri wkh vhoohuv wrjhwkhu/ pdnh d wdnh0ru0ohdyh0lw

r�hu/ dqg uhdol}h wkh ixoo ydoxh ri wkh frpelqdwlrq1 Krzhyhu/ dq rzqhu pd| �qg lw lq

khu lqwhuhvwv wr dyrlg vhoolqj wr sod|hu f/ dqg shukdsv ghod|lqj vdoh iru vwudwhjlf dg0

ydqwdjh1 Wkxv/ hdfk sod|hu � ' �c 2c ���c ? vlpxowdqhrxvo| +dqg lqghshqghqwo|, fkrrvhv

khu suredelolw| R� 5 dfc �o ri vhoolqj dw gdwh �1 Zlwk suredelolw| ��R�/ sod|hu � ghod|v

vdoh xqwlo gdwh �1 Zh dvvxph wkdw wkh ex|hu lv sdvvlyh lq wklv surfhvv/ dqg fdqqrw

lq xhqfh wkh suredelolw| wkdw d sod|hu vhoov dw gdwh �1 Lq rwkhu zrugv/ wkh ex|hu lv

qrw vwudwhjlf lq wklv prgho> zh ohdyh vxfk frqvlghudwlrqv iru ixwxuh zrun1 Lq dgglwlrq/

hdfk sod|hu hqgv xs vhoolqj hlwkhu dw gdwh � ru gdwh � iru fhuwdlq1 Wklv fdswxuhv wkh

dvvxpswlrq wkdw lw lv qrw fuhgleoh iru sod|hu f wr uhixvh wr ex| dq lwhp wkdw gholyhuv

srvlwlyh ydoxh1

Zh pdnh d nh| vlpsoli|lqj dvvxpswlrq wkurxjkrxw wkh sdshu= Wkh ex|hu lv qrw

deoh wr zulwh frqwudfwv wkdw duh frqwlqjhqw rq wkh vdoh ri dq| ri wkh remhfwv1 Zh gr

qrw pdnh wklv dvvxpswlrq ehfdxvh zh eholhyh wkdw lw dozd|v krogv1 Udwkhu/ zh pdnh

lw ehfdxvh wkhuh lv dq lpsruwdqw fodvv ri flufxpvwdqfhv lq zklfk wkhuh lv dw ohdvw d

vxevhw ri remhfwv zkhuh vxfk frqwudfwv zloo qrw eh ihdvleoh1 7

Ohw |� 5 ifc �j ghqrwh zkhwkhu sod|hu � vhoov khu remhfw dw gdwh �1 Wkh ydoxh |� ' �

lqglfdwhv wkdw wkh sod|hu vhoov dw gdwh �/ dqg f lqglfdwhv wkdw wkh sod|hu vhoov dw gdwh

�1 Wkh qrwdwlrq lv fkrvhq vr wkdw � lqglfdwhv suhvhqfh dw gdwh �/ dqg f lqglfdwhv

7Iru h{dpsoh/ vxssrvh wkh ex|hu r�huv wr sd| dq rzqhu 'S iru remhfw [/ li wkh rzqhu ri remhfw \
dffhswv 'T1 Wkh dfwxdo wudqvihu ri ixqgv ehwzhhq wkh ex|hu dqg hdfk vhoohu fdqqrw eh revhuyhg/ vr wkh
frqwudfw rq wudqvihu sulfh pljkw qrw eh hqirufhdeoh1 Vlploduo|/ vxssrvh wkh ex|hu r�huv wr sxufkdvh
rqo| lq wkh hyhqw wkdw erwk doo rzqhuv djuhh wr vhoo wkhlu remhfwv1 Wklv pd| qrw eh fuhgleoh zkhuh
wkh remhfwv duh frpsoh{ dqg gl!fxow wr ghvfuleh> iru h{dpsoh/ vxfk gl!fxowlhv frxog eh hqfrxqwhuhg
zlwk oderu frqwudfwv/ frpsolfdwhg slhfhv ri pdfklqhu|/ ru frpsoh{ frpelqdwlrqv ri dvvhwv olnh �upv1
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devhqfh dw gdwh �/ dqg wkhuhiruh suhvhqfh dw gdwh �1 Wkxv/ |� lv wkh rxwfrph ri �
�r

fkrlfh R� ri wkh suredelolw| ri vhoolqj dw gdwh �1 Vlqfh zh dvvxph wkdw sod|huv pxvw

vhoo dw hlwkhu ri wkh wzr irfdo gdwhv � ru �/ d sod|hu frxog hqg xs vhoolqj dw wkh vdph

wlph dv d pxowlwxgh ri rwkhu vhoohuv1 Wr fdswxuh wklv/ wkh sd|r� wr sod|hu � iurp

vdoh zkhq wkh rxwfrph lv | � E|�c |2c ���c |?� lv r� G ifc �j
? :$ U1 Wkxv/ iru h{dpsoh/

r� E�c �c ���c �� lv wkh sd|r� zkhq doo sod|huv suhvhqw wkhlu remhfwv iru vdoh dw gdwh �/

dqg r� Efc fc ���c f� lv wkh sd|r� zkhq doo sod|huv vhoo wkhlu remhfwv dw gdwh �1

Ohw Z� G ifc �j
? � dfc �o? :$ U ghqrwh sod|hu �*v h{shfwhg sd|r�1 Wkhuhiruh

Z� '
[

|Mtfc��?

dE�� |�� E�� R�� n |�R�o � dE�� |2� E�� R2� n |2R2o

� � �dE�� |?� E�� R?� n |?R?o � r� E|�c |2c ���c |?� 1

Wkh h{suhvvlrqv dE�� |�� E�� R��n |�R�oc � ' �c ���c ? duh wkh suredelolwlhv ri rxwfrphv

|�c |2c ���c |? uhvshfwlyho|/ dqg r�E|�c ���c |?� lv wkh fruuhvsrqglqj sd|r�1 Iru h{dpsoh zlwk

suredelolw| R� �R2 � � �R?/ rxwfrph E�c �c ���c �� rffxuv/ dqg sod|hu � uhfhlyhv r� E�c �c ���c ��1

Vlploduo|/ rxwfrph E|�c ���c |?� ' E�c fc �c ���c �� gholyhuv sd|r� r� E�c fc �c ���c �� zlwk sure0

delolw| R� � E�� R2� � R� � � � R? hwf1

D Qdvk htxloleulxp ri wkh jdph lv d yhfwru ri suredelolwlhv ERW�c R
W
2c ���c R

W
?� wkdw

vdwlv�hv R� 5 @h}4@ Z�ER�c R
W
3�� iru doo �1 Dvvxplqj dq lghqwlfdo sd|r� ixqfwlrq r iru

hdfk �/ wkh vhw ri v|pphwulf Qdvk htxloleuld duh jlyhq e| frqvlghudwlrq ri wkh }hurv

dqg fruqhu vroxwlrqv ri wkh ghulydwlyh ri h{shfwhg sur�w zlwk uhvshfw dq djhqw*v fkrlfh

ri suredelolw|=

YZ�
YR�

'
[

|
3�Mtfc��?3�

dE�� |2� E�� R� n |2Ro � dE�� |2� E�� R� n |2Ro +4,

� � �dE�� |?� E�� R� n |?Ro � dr E�c |2c ���c |?�� r Efc |2c ���c |?�o 1

Qrwh wkdw wklv h{suhvvlrq lv wkh gl�huhqfh lq h{shfwhg sd|r� wr wkh sod|hu iurp

ehlqj suhvhqw dw gdwh � iru fhuwdlq dv rssrvhg wr gdwh � iru fhuwdlq +l1h1/ lw lv wkh

:



suredelolw|0zhljkwhg vxp ri sd|r� gl�huhqfhv ryhu doo vwdwhv,1 Fohduo| li wkh h{suhv0

vlrq lv srvlwlyh/ wkhq R ' �> li lw lv qhjdwlyh R ' f/ dqg wkh urrwv ri +4, |lhog lqwhulru

vroxwlrqv1 Lq wkh dsshqgl{ zh ghprqvwudwh wkh h{lvwhqfh ri d v|pphwulf Qdvk htxlole0

ulxp wr wklv jhqhudo sureohp1 Wklv sdshu h{dplqhv wkh ghwhuplqdqwv ri wkh v|pphwulf

Qdvk htxloleulxp RW1 Lq sduwlfxodu/ zh zlvk wr vroyh wkh sureohp ri krz RW fkdqjhv dv

wkh qxpehu ri sod|huv lqfuhdvhv1 Wkh kljko| vw|ol}hg vshfl�f h{dpsohv lpphgldwho|

ehorz khos xv xqghuvwdqg wkh vwuxfwxuh ri wklv sureohp1

514 H{dpsohv

Wkh iroorzlqj wzr h{dpsohv +H{wuhph Fr0rshudwlrq dqg H{wuhph Frpshwlwlrq, duh

yhu| vw|ol}hg/ dqg duh iru looxvwudwlyh sxusrvhv rqo|1 Wkh wklug fdvh +Djjuhjdwh Frxqw

Sd|r�v, lv pruh jhqhudo/ dqg lv wkh prgho zh dgrsw wr h{soruh wkh txhvwlrq ri krogrxw

pruh jhqhudoo|1

51414 H{wuhph Frrshudwlrq

Vxssrvh wkdw zkhqhyhu doo ri wkh sod|huv duh suhvhqw dw vdoh/ dw dq| rqh wlph/ hdfk

lqglylgxdo sod|hu fdq h{wudfw wkh ydoxh T � ri khu eorfn ri odqg dw gdwh �/ dqg T � dw

gdwh �1 Wklv fdswxuhv � lq uhgxfhg irup � wkh lghd wkdw vhoohuv duh vrphkrz deoh wr

frooxgh rq wkh vdoh sulfh1 Zkhq ohvv wkdq wkh ixoo qxpehu ri sod|huv duh suhvhqw/ wkh

sd|r� lv � 	 4@ ET �c T �� shu sod|hu1 Iurp htxdwlrq +4, RW ' �/ dqg RW ' f frxog

eh sxuh vwudwhj| Qdvk htxloleuld18 Wklv lv vwudljkwiruzdug/ vlqfh

r E�c |2c ���c |?�� r Efc |2c ���c |?� '

;?
=

T � � � iru |� ' �/ � : �
� � T � iru |� ' f/ � : �

f rwkhuzlvh
/

zklfk |lhogv YZ�
YR�

: f iru RW ' �/ dqg YZ�
YR�

	 f iru RW ' f1 Zh pljkw h{shfw sod|huv

frruglqdwh rq wkh Sduhwr grplqdqw htxloleulxp1 Iru h{dpsoh/ li T � : T � gxh wr

8Wkhuh duh rwkhu Qdvk htxloleuld/ zkhuh sod|huv kdyh qr vwulfw lqfhqwlyh wr ghyldwh1 Iru h{dpsoh
wklv lv wuxh/ li kdoi wkh sod|huv vhoo dw gdwh D/ dqg wkh rwkhu kdoi vhoo dw gdwh E/ vlqfh ghyldwlrq |lhogv
wkh vdph sd|r� y1

;



glvfrxqwlqj/ wkhq wklv zrxog eh RW ' �1 Zlwk wklv nlqg ri h{wuhph frrshudwlrq dw

srlqw ri vdoh/ wkh prgho suhglfwv wkdw wkhuh zloo eh qr krogrxw sureohp1

51415 H{wuhph Frpshwlwlrq

Dq h{wuhph irup ri frpshwlwlrq lv fdswxuhg e| wkh dvvxpswlrq wkdw wkh suhvhqfh ri

dw ohdvw rqh rwkhu sod|hu dw srlqw ri vdoh olplwv d sod|hu*v uhwxuq wr }hur1 Lw lv h{wuhph

lq wkh vhqvh wkdw sd|r�v frxog frph iurp d uhgxfhg irup lq zklfk sod|huv frpshwh

yljrurxvo|1 Djdlq qrwh wkdw wklv h{dpsoh lv iru looxvwudwlyh sxusrvhv rqo|> zh gr qrw

fodlp wkdw vxfk vhyhuh frpshwlwlrq lv qhfhvvdulo| dssolfdeoh lq sudfwlfh1

Vxssrvh wkdw li d vhoohu lv dorqh zlwk wkh ex|hu dw wkh gdwh � vdoh/ wkhq vkh jhwv

sd|r� 7� : f dw gdwh �/ dqg sd|r� 7� : f dw gdwh �1 Vxevwlwxwlrq ri wkhvh sd|r�v

lqwr htxdwlrq +4, |lhogv

E�� R�?3�7� � R?3�7� � f� +5,

Zh jhw wkh iroorzlqj uhvxow=

Sursrvlwlrq 4 Zlwk h{wuhph frpshwlwlrq/ wkh v|pphwulf htxloleulxp suredelolw| ri

krogrxw lv

� � �� R ' dE7�*7��
�

?3� n �o3��

Wkxv krogrxw rffxuv zlwk srvlwlyh suredelolw| iru doo ?1 Pruhryhu/

+l, li 7� : 7�/ wkhq � lv lqfuhdvlqj lq ?/

+ll, li 7� 	 7�/ wkhq � lv ghfuhdvlqj lq ?/ dqg

+lll, � frqyhujhv wr �
2
dv ? $ 41

Lq sduw +l, 7� : 7� � zklfk lv suredeo| wkh ohdglqj fdvh li sod|huv glvfrxqw wkh

sd|r� iurp vdoh dw wkh odwhu gdwh � frpsduhg wr gdwh �1 Khuh/ krogrxw jhwv zruvh

zlwk ?/ ghvslwh wkh idyrudeoh sd|r� iurp gdwh �1 Wkh lqwxlwlrq iru wklv uhvxow frphv

iurp wkh iroorzlqj wkrxjkw0h{shulphqw1 Vxssrvh doo rwkhu sod|huv exw sod|hu � fkrrvh

<



d �{hg suredelolw| R1 Qrz dgg dqrwkhu sod|hu/ zkr dovr fkrrvhv wklv ohyho1 Wkh

sd|r� wr sod|hu � iurp vdoh dw gdwh � idoov wr E�� R�? 7� iurp E�� R�?3� 7�/ dqg wkh

sd|r� wr sod|hu � iurp vdoh dw gdwh � idoov wr R?7� iurp R?3�7�1 Krzhyhu/ 7� : 7�

lpsolhv wkdw R : �
2
1 Wkhuhiruh wkh h{shfwhg sd|r� iurp gdwh � idoov sursruwlrqdwho|

pruh wkdq lwv frxqwhu0sduw iru gdwh �1 Dv d uhvxow/ sod|hu � �qgv lw lq khu lqwhuhvwv

wr ghyldwh iurp R dqg fkrrvh d orzhu ydoxh1 Lq htxloleulxp doo sod|huv zloo wkhuhiruh

uhgxfh R/ ohdglqj wr dq lqfuhdvh lq krogrxw1 Uhvxow +ll, lv dqdorjrxv1 Sduw +lll, iroorzv

iurp d uhodwhg wkrxjkw h{shulphqw1 Il{ wkh fkrlfh ri R e| wkh rwkhu sod|huv1 Dv ?

lqfuhdvhv/ wkh suredelolwlhv E�� R�?3� dqg R?3� wkdw d sod|hu lv dorqh dw srlqw ri vdoh

erwk vkulqn wrzdugv }hur/ dqg wklv grplqdwhv dq| gl�huhqfh lq wkh uhodwlyh sd|r� dw

hdfk gdwh1

Wkh lpsolfdwlrq ri +lll, lv wkdw wkh ydoxh0shu0remhfw wr wkh ex|hu idoov1 Wkdw lv/

wkhuh lv dq lqfuhdvhg wudqvdfwlrqv frvw zlwk wkh qxpehu ri vhoohuv1 Wr vhh zk|/ vxssrvh

wkdw wkh ex|hu jhwv ydoxh ` shu remhfw wkdw lv frpelqhg/ dqg rqo| uhdol}hv wkh wrwdo

ydoxh ?` diwhu doo remhfwv duh vrog1 Wkhuhiruh/ wkh ex|hu*v h{shfwhg sd|r� shu0remhfw

zlwk glvfrxqw idfwru B lv ` � dR? n E�� R?� Bo1 Iru fdvh +l,/ R idoov zlwk ?1 Wklv ohdgv

wr d uhgxfwlrq lq wkh ex|hu*v sd|r� shu remhfw � dq lqfuhdvh lq wkh wudqvdfwlrqv frvwv

gxh wr lqfuhdvhg ghod| dv wkh qxpehu ri vhoohuv lqfuhdvhv1 Qrwh wkdw wkh pruh jhqhudo

fdvh zkhuh wkh ex|hu jhwv vrph ydoxh iurp remhfwv sxufkdvhg dw gdwh �/ exw pxvw

glvfrxqw wkh ehqh�wv jlyhv vlplodu uhvxowv= Dv orqj dv wkhuh lv ghod|/ wkh ex|hu*v sd|r�

lv orzhu wkdq rwkhuzlvh1

Rqh remhfwlrq wr wkh dqdo|vlv ri wklv fdvh/ lv wkdw wkhuh duh sxuh vwudwhj| Qdvk

htxloleuld ri wkh jdph wkdw |lhog d kljkhu mrlqw vxusoxv wr wkh vhoohuv1 Iru h{dpsoh/ li

sod|hu � fkrrvhv R� ' �/ dqg doo rwkhu sod|huv � fkrrvh R� ' f/ wklv Qdvk htxloleulxp

jlyhv 7� dv mrlqw vxusoxv ri wkh vhoohuv1 Xqghu wkh pl{hg vwudwhj|/ wkh mrlqw vxusoxv

ri wkh vhoohuv lv

? � dRE�� R�?7� n E�� R� R?7�o
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zklfk lv ohvv wkdq 7�19 Krzhyhu/ qrwh wkdw vxfk sxuh vwudwhj| htxloleuld gr qrw Sduhwr

grplqdwh wkh pl{hg vwudwhj| v|pphwulf htxloleulxp ri sursrvlwlrq 4/ qru zrxog dq|

qrq0v|pphwulf pl{hg vwudwhj| htxloleulxp1 Hdfk sod|hu zrxog suhihu wr eh wkh rqh

hduqlqj wkh kljkhvw h{shfwhg sd|r�/ zklfk vwuhqjwkhqv wkh suhglfwlrq wkdw wkh pl{hg

vwudwhj| v|pphwulf htxloleulxp zloo eh wkh rxwfrph ri vxfk d jdph1

515 Djjuhjdwh Frxqw Sd|r�v

Khuh/ zh frqvlghu d pruh uhdolvwlf vlpsol�fdwlrq ri wkh prgho1 Zh dvvxph wkdw wkh

sd|r� wr sod|hu � iurp edujdlqlqj zkhq wkh rxwfrph lv E|�c |2c ���c |?� ghshqgv rqo|

rq wkh frxqw ri wkh qxpehu ri sod|huv suhvhqw zlwk sod|hu �/ dqg wkh gdwh ri ��r vdoh1

Wkxv/ rE&� lv wkh sd|r� iurp vdoh zkhq rqo| & rwkhu sod|huv duh suhvhqw dw gdwh �/

dqg Br E&� lv wkh suhvhqw ydoxh sd|r� lq wklv vlwxdwlrq iurp gdwh �/ zkhuh B 5 dfc �o

lv wkh glvfrxqw idfwru1 Zlwk wklv qrwdwlrq/ htxdwlrq +4, ehfrphv

YZ�
YR�

'
?3�[
&'f

�
?� �
&

�
R&E�� R�?3�3&{& +6,

zkhuh

{& � rE&�� Br E?� & � ��

lv wkh jdlq wkdw wkh sod|hu pdnhv iurp ehlqj suhvhqw dw gdwh � dv frpsduhg wr gdwh

�/ wdnlqj wkh sduwlflsdwlrq rxwfrphv +& suhvhqw dw gdwh �/ dqg ?� �� & suhvhqw dw

gdwh �, ri rwkhu sod|huv dv jlyhq1

Wkurxjkrxw wkh sdshu/ zh dvvxph wkdw wkhuh lv glvfrxqwlqj=

Glvfrxqwlqj Wkh ex|hu dqg vhoohuv glvfrxqw gdwh � sd|r�v e| B 5 Efc ��1

Ri frxuvh/ glvfrxqwlqj phdqv wkdw sod|huv kdyh d suhihuhqfh iru lqfrph wrgd|1

Wklv dvvxpswlrq hqvxuhv wkdw dq| htxloleulxp ghod| zloo jhqhudwh lqh!flhqf|1 Vlqfh

rxu jrdo lv wr h{dplqh krz vhoohu*v sd|r�v dw srlqw ri vdoh d�hfwv vhoohuv ehkdylru/ zh

h{dplqh wzr dowhuqdwlyhv1 Wkh �uvw lv frpshwlwlrq=

9Wr vhh zk|/ qrwh wkdw dujpd{siq +4� s,q sj @ 4
q
/ wkdw wkh ydoxh dw wklv pd{lpxp lv +4�q,q�4

qq�4
?

4/ dqg wkdw VE ? VD1
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Frpshwlwlrq r E&� lv ghfuhdvlqj lq &

Frpshwlwlrq lv wkh dvvxpswlrq wkdw dq lqfuhdvh lq wkh qxpehu ri sod|huv vhoolqj dw

dq| rqh wlph/ ohdgv wr d ghfuhdvh lq hdfk sod|hu*v sd|r�1 Lpsolflw lq wklv dvvxpswlrq

lv wkdw wkhuh lv dw ohdvw d ghjuhh ri vxevwlwxwdelolw| ehwzhhq wkh lwhpv ehlqj vrog1 Wkh

rssrvlwh dvvxpswlrq lv frooxvlrq=

Frooxvlrq r E&� lv lqfuhdvlqj lq &

Zkhq wkhuh duh pruh sod|huv zkr frooxgh/ wkh| duh deoh wr froohfwlyho| h{wudfw d

odujhu shu0rzqhu vxusoxv iurp sod|hu f1

Ilqdoo|/ zh dgplw dq| sur�oh ri rxu +qrq0vwudwhjlf, ex|hu*v ehqh�w iurp vdoh frqvlv0

whqw zlwk glvfrxqwlqj1 D vlpsoh fdvh phqwlrqhg lq wkh h{wuhph frpshwlwlrq h{dpsoh

kdg wkh ex|hu uhdol}h qr ydoxh xqwlo doo xqlwv zhuh sxufkdvhg1 Krzhyhu zh frxog dv0

vxph/ iru h{dpsoh/ wkdw wkh ex|hu uhfhlyhv `� shu remhfw frpelqhg dw gdwh �/ dqg

`� 	 `� shu remhfw frpelqhg dw gdwh �> ghod| zrxog frvw `� �`� shu remhfw

+gxh wr glvfrxqwlqj,1

Qrwh wkdw dq| irup ri glvfrxqwlqj lpsolhv wkdw wkh �uvw0ehvw rxwfrph pxvw lqyroyh

vdoh ri doo wkh remhfwv dw gdwh �1 Wkh iroorzlqj uhvxow lv lpphgldwh=

Sursrvlwlrq 5 R ' � lv wkh Sduhwr Grplqdqw Qdvk htxloleulxp xqghu Frooxvlrq/

dqg |lhogv wkh �uvw0ehvw rxwfrph1

Surri1 Wklv lv hdvlo| suryhg e| vxevwlwxwlrq ri R ' � lqwr htxdwlrq +6,/ dqg

qrwlqj wkdw h{shfwhg vxusoxv shu vhoohu idoov zlwk R dv R idoov ehorz xqlw|1 Wkhuh lv

qr ghod| lq wklv htxloleulxp1

Dv lq wkh looxvwudwlyh h{dpsoh ri h{wuhph frooxvlrq frqvlghuhg deryh/ d pruh prg0

hudwh frooxvlrq dvvxpswlrq ohdgv wr h!flhqf|1 Wkh uhvxowv ehorz vkrz wkdw wkh vlwx0

dwlrq lv txlwh gl�huhqw zkhq wkhuh lv frpshwlwlrq dw srlqw ri vdoh1

Xqghuvwdqglqj ri wkh ehkdylru ri wkh }hurv ri htxdwlrq +6,/ lv fuxfldo iru dqdo|}0

lqj rxu sureohp1 Iluvw qrwh wkdw li frpshwlwlrq krogv/ wkhq wkh frh!flhqwv {& ri
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wklv h{suhvvlrq duh prqrwrqlf ghfuhdvlqj= E| gh�qlwlrq {& ' rE&� � Br E?� & � ��

dqg {&n� ' rE& n �� � Br E?� & � 2�1 Frpshwlwlrq lpsolhv rE&� : rE& n �� dqg

r E?� & � 2� : r E?� & � ��1 Khqfh {& : {&n�1 Wkh qh{w uhvxow ghprqvwudwhv

wkdw uhodwlyho| zhdn dvvxpswlrqv duh qhhghg wr hqvxuh wkdw wkhuh lv frvwo| ghod| lq

htxloleulxp=

Sursrvlwlrq 6 Dvvxph glvfrxqwlqj/ frpshwlwlrq dqg {?3� 	 f1 Wkhq qhlwkhu R ' f

qru R ' � fdq eh d v|pphwulf Qdvk htxloleulxp/ dqg wkh �uvw0ehvw lv qrw dwwdlqhg1

Surri1 Vxevwlwxwh R ' � lqwr +6,1 Wklv |lhogv YZ�
YR�

' {?3� 	 f/ vr wkdw sod|hu

� zloo ghyldwh iurp R� ' �1 Vxevwlwxwlrq ri R ' f lqwr +6, jlyhv YZ�
YR�

' {f zklfk lv

srvlwlyh e| frpshwlwlrq/ dqg sod|hu � zloo ghyldwh iurp R� ' f1 Vlqfh R ' � lv qrw dq

htxloleulxp/ wkh glvfrxqwlqj dvvxpswlrq phdqv wkh �uvw ehvw lv qrw dwwdlqhg1

Wkh dvvxpswlrq {?3� 	 f kdv d vwudljkwiruzdug hfrqrplf lqwhusuhwdwlrq dv d

zhdn dgglwlrqdo frpshwlwlrq dvvxpswlrq1 Wkh whup {?3� htxdov r E?� ��� Br Ef�> li

lw lv qhjdwlyh:/ wkhq sod|huv jhw d kljkhu uhwxuq vhoolqj dorqh dw gdwh �/ wkdq vhoolqj

lq wkh suhvhqfh ri doo rwkhu sod|huv dw gdwh �1 Wklv uxohv rxw R ' � dv dq htxloleulxp1

Frpshwlwlrq hqvxuhv wkdw wkh sd|r� iurp vhoolqj wrgd| zkhq hyhu| rwkhu sod|hu vhoov

wrpruurz lv srvlwlyh1 Wklv uxohv rxw R ' f1 Vlqfh R 5 Efc ��/ dqg wkhuh lv glvfrxqwlqj/

wkh mrlqw vxusoxv ri ex|hu dqg vhoohuv lv orzhuhg1

Zkloh frpshwlwlrq0olnh dvvxpswlrqv dqg glvfrxqwlqj hqvxuh wkdw v|pphwulf htxl0

oleuld duh lqh!flhqw/ wkh jrdo ri rxu sdshu lv wr h{dplqh qrw rqo| wkh skhqrphqrq

ri frvwo| ghod|/ exw wr h{dplqh frpsdudwlyh vwdwlfv/ vxfk dv ehkdylru dv wkh qxpehu

ri sod|huv lqfuhdvhv/ ru ehkdylru gxh wr fkdqjhv lq wkh glvfrxqw idfwru1 Vxfk dqdo|vlv

lv sureohpdwlf li wkhuh duh pxowlsoh v|pphwulf htxloleuld1 Krzhyhu/ dv wkh iroorz0

lqj uhvxow vkrzv/ h{lvwlqj dvvxpswlrqv duh vx!flhqw iru d xqltxh v|pphwulf Qdvk

htxloleulxp1

:Qrwh wkdw wkh dvvxpswlrq lv dq lpsolflw uhvwulfwlrq rq wkh qdwxuh ri frpshwlwlrq dqg wkh glvfrxqw

idfwru= v+q�4,
v+3, ? �1
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Wkhruhp 7 Li {?3� 	 f/ dqg frpshwlwlrq krogv/ wkhq wkhuh h{lvwv d xqltxh srvlwlyh

dqg uhdo v|pphwulf Qdvk htxloleulxp suredelolw|1

Surri1 Vlqfh erwk R ' f/ dqg R ' � duh uxohg rxw dv v|pphwulf Qdvk htxloleuld

+VQH,/ zh fdq glylgh htxdwlrq +6, e| E�� R�?3�1 Gh�qlqj 4 ' R

�3R
wklv lpsolhv wkdw

VQH duh irxqg iurp
?3�[
&'f

�
?� �
&

�
4&{& ' f +7,

Li wkh vhtxhqfh {?3�c{?32c ���c{f fkdqjhv vljq rqo| rqfh/ wkhq e| Ghvfduwh*v uxoh

ri vljqv/ wkhuh lv d xqltxh srvlwlyh uhdo urrw ri wkh sro|qrpldo lq +7, +Nrvwulnlq

+4<;5,/ s1 6430664,1 Qhz \run= Q\1,1 Vlqfh {?3� 	 f/ wklv vhtxhqfh ehjlqv zlwk d

qhjdwlyh vljq/ dqg vlqfh {f : f e| frpshwlwlrq/ wkh vhtxhqfh fkdqjhv vljq dw ohdvw

rqfh1 Krzhyhu/ frpshwlwlrq dovr lpsolhv wkdw {?3�c{?32c ���c{f lv vwulfwo| lqfuhdvlqj1

Wkhuhiruh/ wkh vhtxhqfh rqo| fkdqjhv vljq rqfh dqg wkhuh lv d xqltxh srvlwlyh uhdo

VQH1

Wkh dvvxpswlrqv ri frpshwlwlrq dqg {?3� 	 f duh idluo| zhdn/ dqg |hw wkh| ohdg

wr wkh yhu| vwurqj frqfoxvlrq ri d xqltxh v|pphwulf Qdvk htxloleulxp1 Dv phqwlrqhg/

wkh dgydqwdjh ri wklv uhvxow/ lv wkdw lw pdnhv frpsdudwlyh vwdwlfv suhglfwlrqv pxfk

vwurqjhu wkdq zkhq wkhuh duh pxowlsoh htxloleuld1 Lq dgglwlrq/ iru B ' � +l1h1/ qr

glvfrxqwlqj, zh fdq vkrz wkdw wkh htxloleulxp suredelolw| lv �
2
/ dqg wkdw zkhq B 	

�/ wkh htxloleulxp suredelolw| h{fhhgv �
2
1 Wkhvh wzr uhvxowv duh lpsruwdqw lq wkh

frqvwuxfwlrq ri rxu uhvxowv frqfhuqlqj wkh h�hfw rq R ri dq lqfuhdvh lq ?=

Sursrvlwlrq 8 Zkhq B ' �/ wkh xqltxh VQH lv jlyhq e| RW ' �
2
�

Surri1 Gh�qh

YZ�
YR�

'

?3�[
&'f

�
?� �
&

�
R&E�� R�?3�3& drE&�� Br E?� & � ��o � sERc Bc ?� +8,

Lw vx!fhv wr vkrz wkdw RW ' �
2
lv d VQH/ l1h1 s

�
�
2
c �c ?

�
' f1 Vxevwlwxwlrq ri RW ' �

2
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jlyhv

s

�
�

2
c Bc ?

�
'

�
�

2

�?3� ?3�[
&'f

�
?� �
&

�
drE&�� r E?� & � ��o ' f�

Vlqfh

�
?� �
&

�
'

�
?� �

?� �� &

�
/

whohvfrslqj jxdudqwhhv wkdw lqghhg
S?3�

&'f

�
?� �
&

�
drE&�� r E?� & � ��o ' f�

Ehorz/ zh vkrz wkdw zkhq R ' �
2
dqg B 	 � wkh ghulydwlyh YZ�

YR�
lv juhdwhu wkdq

}hur1 Wkdw lv/ wkh qh{w fruroodu| vkrzv wkdw iru d �{hg ?/ wkh htxloleulxp suredelolw|

ri lpphgldwh vdoh lv vwulfwo| juhdwhu wkdq �
2
1

Sursrvlwlrq 9 Zkhq f 	 B 	 �/ wkh xqltxh VQH lv jlyhq e| RW : �
2
iru dq| �qlwh

?�

Surri1 Iluvw zh ghprqvwudwh wkdw sR 	 f1 Gl�huhqwldwlqj +8, zlwk uhvshfw wr R

|lhogv

sR ' � E?� �� E�� R�?32{f n

�
?� �
�

�
E�� R�?32{�

�

�
?� �
�

�
E?� 2� R E�� R�?3�{� n

�
?� �
2

�
2R E�� R�?3�{2

�

�
?� �
2

�
E?� �� R2 E�� R�?3e{2 n

�
?� �
�

�
�R2 E�� R�?3e{�

n���

�

�
?� �
?� �

�
R?3�e E�� R��{?3� n

�
?� �
?� 2

�
E?� 2� R?3� E�� R�{?32

�

�
?� �
?� 2

�
R?32{?32 n E?� �� R?32{?3�1

Wkh �uvw wzr whupv ri sR uhgxfh wr E?� �� E�� R�?32 E{� �{f� zklfk lv qhjdwlyh/

vlqfh {f : {� e| frpshwlwlrq1 Lq d vlplodu idvklrq/ wkh vhfrqg wzr whupv uhgxfh wr
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E?� �� E?� 2� R E�� R�?3� d{2 �{�o

zklfk lv qhjdwlyh1 Doo vxfk sdluv ri whupv duh qhjdwlyh/ iru h{dpsoh frqvlghu wkh qh{w

wr odvw sdlu ri whupv/ zklfk uhgxfhv wr E?� �� E?� 2� R?3� E�� R� d{?32�{?3�o 	 f1

Wkxv/ sR 	 f1

Qrz frqvlghu wkh fdvh ri ? hyhq1 Lw fdq eh vkrzq wkdw

sERc Bc ?� '

?

2
3�[

&'f

�
?� �
&

�
irE&�dR&E�� R�?3�3& � BR?3�3&E�� R�&o

nrE?� �� &�dR?3�3&E�� R�& � BR&E�� R�?3�3&oj

Wkhuhiruh zh kdyh

sE
�

2
c ?c B� '

�
�

2

�?3�

E�� B�

?

2
3�[

&'f

�
?� �
&

�
irE&� n rE?� �� &�j : f�

Vlqfh sR 	 f/ sE�
2
c Bc ?� : f hqvxuhv wkdw R ' �

2
olhv ehorz wkh vroxwlrq wr s ERc Bc ?� ' f1

Wkh dujxphqw iru ? rgg lv vlplodu1 Wkxv/ RW : �
2
1

Wkhvh vhw ri uhvxowv deryh ghprqvwudwh wkdw ghod| lv dq lpsruwdqw ihdwxuh ri htxl0

oleulxp xqghu frpshwlwlrq1 Ghod| rffxuv ehfdxvh ri vhoohuv* ghvluh wr glv0frrglqdwh/

wkdw lv/ wr plqlpl}h wkh lpsdfw frpshwlwlrq kdv rq wkhlu vxusoxv1 Xqghu rxu dvvxps0

wlrq ri glvfrxqwlqj/ wkhvh uhvxowv ghprqvwudwh wkdw htxloleulxp ghod| lv d vrxufh ri

hqgrjhqrxv wudqvdfwlrqv frvw wkdw wkh ex|hu pxvw idfh1 Ehorz/ zh ghprqvwudwh wkdw

vxfk frvwv duh lqfuhdvh zlwk wkh glvfrxqw udwh B/ dv pljkw eh h{shfwhg1

Sursrvlwlrq : D ulvh lq wkh glvfrxqw idfwru ohdgv wr dq lqfuhdvh lq krogrxw1

Surri1 Uhfdoo wkh gh�qlwlrq ri sERc Bc ?� lq htxdwlrq +8, dqg qrwh wkdw iru doo

htxloleulxp ydoxhv ri R ' R EB�/ s ER EB� c Bc ?� � f1 Gl�huhqwldwlqj wklv lghqwlw| zlwk

uhvshfw wr B |lhogv

R� EB� ' �sB*sR1 +9,
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Wkxv zh vhhn wr �qg wkh vljq ri sB iurp +6,/ vlqfh sR 	 f iurp wkh surri ri Sursrvlwlrq

+9,1 Gl�huhqwldwlqj s zlwk uhvshfw wr B |lhogv

sB ' �

?3�[
&'f

�
?� �
&

�
R&E�� R�?3�3& � r E?� & � �� 	 f1

Vxevwlwxwlrq lq wkh h{suhvvlrq iru sR |lhogv R
� EB� 	 f1

Wkh gluhfw h�hfw ri d ulvh lq B lv wr uhgxfh wkh pdujlqdo sur�wdelolw| ri R� EsB 	 f�1

Frpshwlwlrq hqvxuhv wkdw Z� lv frqfdyh lq R� El1h1 sR 	 f dv vkrzq lq wkh surri ri

Sursrvlwlrq 91 Wkhuhiruh/ lq htxloleulxp/ R pxvw idoo1 Lqwxlwlyho|/ zkhq B ulvhv/ hdfk

sod|hu glvfrxqwv wkh ixwxuh sd|r� iurp ghod| e| ohvv= Li qr rwkhu sod|huv zhuh wr fkdqjh

wkhlu vwudwhj|/ dq lqglylgxdo sod|hu zrxog zlvk wr ghod| vdoh1 Krzhyhu/ hyhu| sod|hu

lv dzduh wkdw wklv lqfhqwlyh h{lvwv dqg wkdw wkhuh lv d kljkhu olnholkrrg ri frpshwlwlrq

iurp ghod|lqj vdoh1 Wklv glplqlvkhv wkh pdujlqdo sur�wdelolw| ri krogrxw/ dowkrxjk lw

lv vwloo srvlwlyh1 Wkxv E�� R� pxvw vwloo ulvh1

Wkh pdlq frqwulexwlrq ri wklv sdshu lv wr dqdo|}h zkdw fdq kdsshq wr wkh krogrxw

suredelolw| dv ? lqfuhdvhv1 D0sulrul wkhrul}lqj grhv qrw vxjjhvw d vwurqj fdvh hlwkhu

zd|1 Rqh pljkw dujxh wkdw wkh lqfuhdvhg frpshwlwlrq iroorzlqj iurp d ulvh lq wkh

wrwdo qxpehu ri sod|huv zloo glplqlvk wkh jdlqv iurp ghod|1 Li wkhuh lv glvfrxqwlqj dqg

wkh qxpehu ri od|huv lqfuhdvhv/ lw pd| eh ohvv olnho| wkdw dq lqglylgxdo zloo eh dorqh

dw srlqw ri vdoh wrgd|/ wkdq li wkdw lqglylgxdo ghod|v1 Wklv zrxog vxjjhvw d idoo lq wkh

suredelolw| ri krogrxw1 Krzhyhu/ vrph uh hfwlrq +edvhg rq wkh h{wuhph frpshwlwlrq

h{dpsoh deryh, vxjjhvwv wkdw dv wkh qxpehu ri sod|huv lqfuhdvhv/ lw zloo rqo| eh wkh

sd|r�v lq wkh h{wuhph hqgv ri wkh glvwulexwlrq wkdw prwlydwh sod|huv1 Wkh uhvxow

ehorz vkrzv wkdw zhdn frqglwlrqv ohdg wr dq lqfuhdvh lq krogrxw1

Wkhruhp ; Dq lqfuhdvh lq wkh qxpehu ri rzqhuv lqfuhdvhv � � � � R/ dqg � ds0

surdfkhv �
2
iurp deryh dv wkh qxpehu ri rzqhuv dssurdfkhv lq�qlw|/ li doo ri wkh

iroorzlqj frqglwlrqv krog=

+l, Frpshwlwlrq +l1h1 r E&� lv ghfuhdvlqj,>
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+ll, r E�� dqg B 5 Efc �� vdwlvi| / {?3� � r E?� ��� Br Ef� 	 f> dqg

+lll, Vwurqj Frpshwlwlrq= rE&� glplqlvkhv vx!flhqwo| udslgo| diwhu ? ' � +vshfl�0

fdoo|/ *�4?<"P?3�
&'�rE&� � 0/ vrph vpdoo 0 : f�

Surri1 Iurp frpshwlwlrq dqg Sursrvlwlrq +6,/ iru d �{hg ?/ wkh htxloleulxp sulfh

ehorqjv wr wkh lqwhuydo E�
2
c ��� Wkxv/ zh qhhg rqo| frqvlghu R 5 E�

2
c ���

Qrwlqj wkdw

�
?� �
&

�
'

�
?� �

?� �� &

�
/ s iurp htxdwlrq +6, fdq eh uh0zulwwhq

dv wkh vxp ri wzr whupv e| pdwfklqj dujxphqwv lq r E�� vwduwlqj iurp & ' f xszdugv/

dqg iurp & ' ?� � grzqzdugv1 Vshfl�fdoo|/ r Ef� c r E�� c ���c r E� � �� fdq eh ghulyhg

iurp r E&� iru & ' fc ���c� / dqg iurp r E?� �� &� iru & ' ? � �c ? � 2c ���c ? � � 1

Wkh vhtxhqfh r E�� c r E� n �� c ���c r E?� �� lv ghulyhg vlploduo|1 Wkxv/

s ERc Bc ?� '

�3�[
&'f

�
?� �
&

�
r E&�

k
R& E�� R�?3�3& � BR?3�3& E�� R�&

l

n
?3�[
&'�

�
?� �
&

�
r E&�

k
R&E�� R�?3�3& � BR?3�3& E�� R�&

l
1

Frqvlghu wkh vhfrqg ri wkhvh vxpv1 E| vwurqj frpshwlwlrq iru ? � � / *�4?3<"P?3�
&'�rE&�

� 01 +Wklv lv vdwlv�hg/ iru h{dpsoh/ li rE&� ' bo& zlwk f 	 o 	 �/ vlqfh wkh vxp

frqyhujhv wr b wlphv d �qlwh srvlwlyh qxpehu1, Qrwh wkdw

�
?� �
&

�
R& E�� R�?3�3&

dqg

�
?� �
&

�
R?3�3&E��R�& duh hdfk zhljkwv ri d elqrpldo suredelolw| glvwulexwlrq1

Wkh vxp ri hdfk ri wkhvh whupv iurp � wr ?� � lv wkhuhiruh ohvv wkdq xqlw|/ dqg wkh

zhljkwv wkhpvhoyhv duh ehwzhhq }hur dqg xqlw|1 Wkhuhiruh/ e| fkrrvlqj 0 vx!flhqwo|

vpdoo/ wkh vhfrqg vxp fdq eh pdgh duelwudulo| vpdoo1 Wkxv iru vx!flhqwo| odujh ?/

zh fdq uhzulwh s dv

s ERc ?� *
�3�[
&'f

�
?� �
&

�
r E&�

k
R& E�� R�?3�3& � BR?3�3& E�� R�&

l
+:,
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Qrz gh�qh

}&ER� � R& E�� R�?3�3& � BR?3�3& E�� R�& c

dqg qrwh wkdw iru d �{hg &/

}&ER� 	 f / R& E�� R�?3�3& 	 BR?3�3& E�� R�&

Wkdw lv/

R :
�

� n B
�

?3�32&

� 7R&�

Pruhryhu/Y7R&
Y&

: fc }&E7R& n 0� 	 f dqg }�E7R& n 0� 	 f ;& � �� Wkhuhiruh zh fdq

frqfoxgh wkdw

}�E7R�3�� 	 f ;� � � � �� +;,

Uhsodflqj +;, lqwr +:, zh rewdlq

s E7R�3�c ?c�� 	 f�

Vlqfh sR 	 f iurp sursrvlwlrq :/ wklv lqglfdwhv wkdw wkh htxloleulxp sulfh ehorqjv wr

wkh lqwhuydo E�
2
c 7R�3��� Krzhyhu/

7R�3� '
�

� n B
�

?3�

vr wkdw dv ? jhwv odujhu/ wkh lqwhuydo E�
2
c 7R�3�� pxvw vkulqn1 Lq sduwlfxodu/ dv ? $ 4/

7R�3� $
�
2
�

Wklv lv wkh pdlq uhvxow ri wkh sdshu1 Wkh dvvxpswlrq ri vwurqj frpshwlwlrq

hqvxuhv wkdw wkh vwdwhv ri qdwxuh lq zklfk wkhuh duh pdq| rwkhu sod|huv suhvhqw kdyh

d qhjoljleoh zhljkw lq d sod|hu*v fkrlfh ri R1 Rqo| vwdwhv lq zklfk wkhuh duh ohvv

wkdq ��� rwkhu sod|huv suhvhqw ghwhuplqh sod|huv* ghflvlrqv1 Iroorzlqj wkh wkrxjkw

h{shulphqw iurp wkh h{wuhph frpshwlwlrq h{dpsoh lq vhfwlrq 51415/ �{ wkh fkrlfh ri

R e| doo rwkhu sod|huv/ dqg dgg dq dgglwlrqdo lghqwlfdo sod|hu1 Frqvlghu wkh whup

R& E�� R�?3�3& � BR?3�3& E�� R�& +<,
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lq htxdwlrq +:, iru �{hg &1 Zlwk B 	 �/ R : �
2
1 Wkhuhiruh wkh whup R& E�� R�?3�3& idoov

e| d sursruwlrqdwho| vpdoohu dprxqw wkdq wkh whup BR?3�3& E�� R�& iru doo &1 Lq rwkhu

zrugv/ lq wkh frpsdulvrq ehwzhhq wkh h{shfwhg sd|r� iurp vdoh qrz dqg vdoh odwhu/

wkh odwwhu idoov e| sursruwlrqdwho| ohvv1 Wkh ehvw uhvsrqvh ri wkh sod|hu lv wkhuhiruh wr

fkrrvh d orzhu ohyho ri R> dq lqfuhdvh lq krogrxw1 Pruhryhu/ wkh suredelolw| ri krogrxw

dssurdfkhv �
2
ehfdxvh erwk whupv lq +<, frqyhujh wr }hur/ dqg khqfh dssurdfk hdfk0

rwkhu dv ? lqfuhdvhv1 Li wkh ex|hu*v sd|r� vx�huv ehfdxvh ri ghod|/ wkhq rxu uhvxow

fdq eh lqwhusuhwhg gluhfwo| dv hqgrjhqrxv wudqvdfwlrqv frvwv idfhg e| vxfk d sod|hu

dv wkh qxpehu ri vhoohuv lqfuhdvhv1

6 Frqfoxglqj Frpphqwv

Zh kdyh prghohg d vlwxdwlrq lq zklfk d ex|hu zlvkhv wr sxufkdvh ? remhfwv iurp ?

lqghshqghqw rzqhuv1 Hdfk rzqhu lv deoh wr ghod| vhoolqj khu remhfw1 Li wkh suhvhqfh

ri rwkhu rzqhuv dw srlqw ri vdoh lpsuryhv wkh vdoh sulfh/ wkhq wkhuh lv qr ghod| lq

htxloleulxp/ dqg khqfh wkh ex|hu grhv qrw idfh dq| wudqvdfwlrqv frvwv1 Wklv fdvh fdq

eh wkrxjkw ri dv frooxvlrq dw srlqw ri vdoh1 Krzhyhu/ li wkh suhvhqfh ri rwkhu rzqhuv

ohdgv wr d uhgxfhg vdoh sulfh � frpshwlwlrq dw srlqw ri vdoh � wkhq wkhuh lv ghod| lq

htxloleulxp1 Wkxv/ frpshwlwlrq dw srlqw ri vdoh lpsrvhv wudqvdfwlrqv frvwv rq wkh

ex|hu> zlwk glvfrxqwlqj/ wkh v|pphwulf htxloleulxp suredelolw| ri lpphgldwh vdoh lv

R 5 E�
2
c ��1

Wkh prgho ghyhorshg lv yhu| wudfwdeoh1 H{lvwhqfh ri d xqltxh v|pphwulf htxlole0

ulxp lv jxdudqwhhg e| wkh uhodwlyho| zhdn frpshwlwlrq dvvxpswlrqv> wkdw vdoh sulfh

ghfolqhv lq wkh qxpehu ri sod|huv/ dqg wkdw wkh vdoh sulfh rewdlqhg ehlqj dorqh exw

dw d odwhu gdwh grplqdwhv wkh lpphgldwh vdoh sulfh zlwk doo rwkhu sod|huv suhvhqw1

Wkh xqltxhqhvv uhvxow pdnhv wkh prgho yhu| dphqdeoh wr frpsdudwlyh0vwdwlfv dqdo0

|vlv1 Dq lqfuhdvh lq glvfrxqwlqj uhgxfhv wkh suredelolw| ri ghod|1 Wkh pdlq uhvxow

ri wkh sdshu lv wr vkrz wkdw zlwk vx!flhqwo| vwurqj frpshwlwlrq dqg d vx!flhqwo|

odujh qxpehu ri sod|huv/ d ulvh lq wkh qxpehu ri sod|huv ohdgv wr dq lqfuhdvh lq wkh
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v|pphwulf htxloleulxp suredelolw| ri ghod|1 Wklv surylghv d qryho h{sodqdwlrq iru wkh

wudqvdfwlrqv frvwv wkdw d ex|hu fdq idfh zkhq sxufkdvlqj iurp pxowlsoh rzqhuv1 Wkh

rzqhuv hqg xs glv0frruglqdwlqj lq htxloleulxp � wkdw lv/ wr hqjdjh lq d glylgh dqg

frqtxhu vwudwhj| � vr dv wr uhgxfh wkh frpshwlwlrq wkh| jhqhudwh dw wkh wzr shulrgv

lq zklfk vdoh wdnhv sodfh1 Exw wklv ehkdylru ohdgv wr dq lqfuhdvh lq htxloleulxp ghod|=

Dv ? lqfuhdvhv/ wkh suredelolw| wkdw d jlyhq sod|hu kdv uhodwlyho| ihz ihoorz vhoohuv

suhvhqw lpphgldwho|/ idoov pruh udslgo| wkdq wkh frxqwhu0sduw suredelolw| iru vdoh lq

wkh odwhu shulrg/ ohdglqj hdfk sod|hu wr lqfuhdvh khu suredelolw| ri krogrxw1

Wkh wudqvdfwlrqv frvwv lghqwl�hg lq rxu sdshu duh txlwh gl�huhqw wr wkrvh suhvhqw lq

fxuuhqw olwhudwxuh1 Rxu prgho kdv v|pphwulf lqirupdwlrq/ vr wkdw sulydwh lqirupdwlrq

lv qrw d vrxufh ri wudqvdfwlrqv frvwv1 Wkh sxeolf jrrgv frqwulexwlrq sureohp ohdgv wr

lqfuhdvhg frvwv dv wkh qxpehu ri sod|huv lqfuhdvhv/ ehfdxvh ri d zruvhqlqj qhjdwlyh

h{whuqdolw|1 Lq frqwudvw rxu sureohp kdv sod|huv wdnlqj dfwlrqv wkdw duh ehqh�fldo wr

wkhlu ihoorz vhoohuv1 Zh gr qrw fodlp wkdw rxu vrxufh ri wudqvdfwlrqv frvwv lv pruh ru

ohvv uhohydqw wkdq wkhvh rwkhu vrxufhv1 Udwkhu/ wkh dlp ri wklv sdshu lv wr ghyhors d

irupdo prgho wkdw h{soruhv htxloleulxp ghod| dv d vrxufh ri vxfk frvwv1

Vhyhudo duhdv ri ixwxuh uhvhdufk vxjjhvw wkhpvhoyhv1 Wkh ex|hu lq rxu prgho lv

qrq0vwudwhjlf1 Lq sudfwlfh +sduwlfxoduo| zlwk vpdoohu qxpehuv ri vhoohuv, wkh ex|hu

frxog wdnh dfwlrqv wr lqfuhdvh wkh olnholkrrg wkdw dq rzqhu lv suhvhqw hduo| rq lq wkh

vdoh surfhvv1 Frqwudfwxdo vroxwlrqv pd| sduwldoo| vroyh wkh sureohp1 Iru h{dpsoh/ lq

vrph flufxpvwdqfhv wkh ex|hu pd| eh deoh wr pdnh frqwlqjhqw0vdoh frqwudfwv1 Wklv

udlvhv wkh pruh jhqhudo frpphqw wkdw wkh ex|hu*v dfwlrq ri sxufkdvlqj hduo| frxog

d�hfw wkh vxusoxv wkdw vhoohuv hduq lq wkh odwhu shulrg1

7 Dsshqgl{

Zh qrz vkrz wkdw d v|pphwulf Qdvk htxloleulxp iru wkh jhqhudo sureohp vwdwhg lq

vhfwlrq 4 dozd|v h{lvwv1 Qrwh wkdw wkh �uvw rughu frqglwlrq jlyhq e| +4, lv fohduo| d

frqwlqxrxv ixqfwlrq ri R1 Pruhryhu
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YZ�
YR�

mR'f'

[
E|2c���c|?�Mtfc��?3�

dE�� |2� E�� |�� � � � E�� |?�o � dr E�c |2c ���c |?�� r Efc |2c ���c |?�o

Wklv h{suhvvlrq lv hlwkhu }hur ru htxdo wr dr E�c fc ���c f�� r Efc fc ���c f�o : f�Lq dgglwlrq/

zh fdq hydoxdwh wkh �uvw0rughu frqglwlrq dw R ' �=

YZ�
YR�

mR'�'

[
E|2c���c|?�Mtfc��?3�

d|2|� � � � |?o � dr E�c |2c ���c |?�� r Efc |2c ���c |?�o

Wklv h{suhvvlrq lv hlwkhu }hur ru htxdo wr dr E�c �c ���c ��� r Efc �c ���c ��o 	 f� Wkhuhiruh/

wkhuh h{lvwv d vroxwlrq e| wkh Lqwhuphgldwh Ydoxh Wkhruhp1

Uhihuhqfhv

^4` Ehujvwurp/ W1/ Eoxph O1/ dqg Yduldq/ K1/ �Rq wkh Sulydwh Surylvlrq ri Sxeolf

Jrrgv� Mrxuqdo ri Sxeolf Hfrqrplfv/ +4<;9,/ 5<+4,/ 5807<1

^5` Elqpruh/ N1 +4<<5,1 Ixq dqg Jdphv= D Wh{w rq Jdph Wkhru|1 Oh{lqjwrq= G1

F1 Khdwk ) Frpsdq|1

^6` Eu|dqw/ M1 +4<;6,/ �D Vlpsoh Udwlrqdo H{shfwdwlrqv Nh|qhv0W|sh Prgho/� Txdu0

whuo| Mrxuqdo ri Hfrqrplfv <;/ 858088<1

^7` Frrshu/ U1 Z1/ G1 Y1 GhMrqj/ U1 Iruv|wkh dqg W1 Z1 Urvv1 +4<<3,/ �Vhohf0

wlrq Fulwhuld lq Frruglqdwlrq Jdphv= Vrph H{shulphqwdo Uhvxowv/ � Dphulfdq

Hfrqrplf Uhylhz ;3+4,/ 54;05661

^8` Frrshu/ U1 Z1 dqg D1 Mrkq1 +4<;;,/ �Frruglqdwlqj Frruglqdwlrq Idloxuhv lq

Nh|qhvldq Prghov/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 436/ 77407961
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^9` Frrshu/ U1 Z1 dqg W1 Urvv1 +4<;8,1 �Surgxfw Zduudqwlhv dqg Grxeoh Prudo

Kd}dug/� Udqg Mrxuqdo ri Hfrqrplfv 49/ 43604461

^:` Fruqhv/ U1/ dqg Vdqgohu/ W1/ �Rq Frpprqv dqg Wudjhglhv�/ Dphulfdq

Hfrqrplf0Uhylhz/ +4<;6,/ :6+7,/ :;:0<51

^;` Fudzirug/ Y1 S1 +4<<3, �Dq cHyroxwlrqdu|* Lqwhusuhwdwlrq ri Ydq Kx|fn/ Edw0

wdolr/ dqg Ehlo*v H{shulphqwdo Uhvxowv rq Frruglqdwlrq � Xqlyhuvlw| ri Fdoliruqld/

Vdq Glhjr Ghsduwphqw ri Hfrqrplfv Zrunlqj Sdshu= ;<05;U1

^<` Jurvvpdq/ V1 M1 dqg R1 G1 Kduw +4<;3,/ �Wdnhryhu elgv/ wkh iuhh0ulghu sureohp

dqg wkh wkhru| ri wkh frusrudwlrq/� Ehoo Mrxuqdo ri Hfrqrplfv/ ss1750971

^43` Kduvdq|l/ M1 F1 dqg U1 Vhowhq1 +4<;;,1 D Jhqhudo Wkhru| ri Htxloleulxp Vhohfwlrq

lq Jdphv/ Fdpeulgjh= PLW Suhvv1

^44` Ndw}/ P1 dqg F1 Vkdslur1 +4<;8,1 �Qhwzrun H{whuqdolwlhv/ Frpshwlwlrq dqg Frp0

sdwlelolw|/� Dphulfdq Hfrqrplf Uhylhz :8/ 75707731

^45` Nrkoehuj/ H1 dqg M1I1 Phuwhqv1 +4<;9,1 �Rq wkh Vwudwhjlf Vwdelolw| ri Htxloleuld1�

Hfrqrphwulfd 87/ 43360436;1

^46` Nrvwulnlq/ D1 L1/ +4<;5,/ Lqwurgxfwlrq wr Dojheud/ Vsulqjhu0Yhuodj/ Qhz \run=

Q\1

^47` Pdlodwk/ J1 M1/ dqg Srvwohzdlwh/ D1/ +4<<3, �Dv|pphwulf Lqirupdwlrq dqg Edu0

jdlqlqj Sureohpv zlwk Pdq| Djhqwv/� Uhylhz ri Hfrqrplf Vwxglhv 8:/ 6840 69:1

^48` Vfkhoolqj/ W1 +4<93,1 Wkh Vwudwhj| ri Frq lfw/ Fdpeulgjh= Kduydug Xqlyhuvlw|

Suhvv1

^49` Vfkhoolqj/ W1 +4<:;,1 Plfurprwlyhv dqg Pdfurehkdylru/ Qhz \run= Qruwrq )

Frpsdq|1
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^4:` Vhjdo/ L1 +4<<<,/ �Frqwudfwlqj zlwk H{whuqdolwlhv/� Txduwhuo| Mrxuqdo ri Hfr0

qrplfv 447+5,/ 66:06;;1

^4;` Ydq Kx|fn/ M1 E1/ U1 F1 Edwwdolr/ dqg U1 R1 Ehlo +4<<3,1 �Wdflw Frruglqdwlrq

Jdphv/ Vwudwhjlf Xqfhuwdlqw|/ dqg Frruglqdwlrq Idloxuh/� Dphulfdq Hfrqrplf

Uhylhz ;3+4,/ 567057;1
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